Rigorous numerics for dissipative

Partial Differential Equations II.

Periodic orpjt for th
Kuramoto-Sivas %ns y %’]%E - a

computer assisted proof.
Piotr Zgliczytiskit

Jagiellonian University, Institute of Mathematics,
Reymonta 4, 30-059 Krakéw, Poland
e-mail: zgliczyn@im.uj.edu.pl

December 13, 2002

Abstract

We present a method of self-consistent a-priori bounds, which allows
to study rigorously dynamics of dissipative PDEs. As an application
present a computer assisted proof of an existence of a periodic orbit for
the Kuramoto-Sivashinsky equation

we = (U?)e — Use — Ve, u(t,z) =u(t,z+27), u(t,z)=—u(t,—z),

where v = 0.127.
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1 Introduction

The goal of this paper is to develop further the method of self-consistent a-
priori bounds for dissipative PDEs. The proposed approach, introduced in [ZM],
enables a rigorous computer assisted study of dynamics for dissipative PDEs.
The method consists from two basic parts: a reduction of an PDE to a finite
dimensional differential inclusion and finite dimensional part, which is based
on standard finite dimensional tools from dynamics. While in paper [ZM] the
finite dimensional part was based on the Conley index and treated primarily a
question of existence of fixed points, in this paper we focus on Poincaré maps
and finite-dimensional tools for detection of periodic orbits.

The method of self-consistent bounds is similar in sprit to the Cesari method
introduced in [C]. In fact in the context were the Cesari method was used
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originally, namely proofs of existence of solutions to boundary value problem
for second order ODEs, our method is slightly stronger, as we drop one of
Cesari’s conditions (see [ZM, Section 2.4] for more details). We would like to
stress here that from our point of view the Cesari method is static, as one can
obtain from it only steady states for PDEs.

In our method we look for solutions of dissipative PDE, whose Fourier expan-
sions are converging fast enough, hence are quite regular. This may to appear
to be a limitation of the method. But if fact it is not, as solutions which exists
for an unbounded time are usually very regular, see [FT, HG, K].

This paper is organized as follows. In Section 2 we present the basics of
the method of self-consistent a-priori bounds from [ZM] (with small inessential
modifications), which setups the framework for treating all sufficiently high
dimensional Galerkin projections as a differential inclusion. Section 3 we discuss
the notion of the Poincaré sections and return maps in the context of self-
consistent bounds. In Section 4 we recall from [GiZ] the notion of covering
relation and we show how it can be used in the context of self-consistent a-
priori bounds. In Section 5 we present, as an application of the tools developed in
preceding section, a result about an existence of periodic orbit for the Kuramoto-
Sivashinsky PDE with odd and periodic boundary conditions for v = 0.127. This
result is formulated as Theorem 18. Section 6 contains a computer assisted proof
of this theorem. In Section 7 we describe a modification of the Lohner algorithm
[Lo, Lol, ZLo], which was used in the rigorous integration of differential inclusion
in the proof of Theorem 18.

We believe that, besides providing tools for the rigorous detection of periodic
orbits for dissipative PDEs, this paper shows that rigorous numerics for dissipa-
tive PDEs is possible, hence one can think for example about rigorous numerical
shadowing algorithms similar in spirit to the ones developed in [HYC, HYC1, HJ.

1.1 Notation

Let X be a metric space. Let U C V C X, by int vU we will denote an interior
of U relatively to V.

Let X be a vector space and Y C X, then by conv (Y) we will denote the
smallest closed convex set containing Y.

For a set X by 2% is denote a set of all subsets of X.

For z € R we set |T|oo = max;=1,..n |24

For S ¢ R™ by IHull(S) we denote an interval enclosure of a set S, i.e. the
smallest set of the form I X Iy x --+ x I,, where for i = 1,...,n, I; = [a;, ]
and a; < bi.

2 The method of self-consistent bounds

In this section we describe the method of self-consistent bounds. The method
was introduced in [ZM] and was linked there to the Conley index. In this paper



we will show how other finite dimensional topological tools can be used with
this method.

Our method begins with the reduction of the full dynamical system to a lower
dimensional system which can be studied numerically. In particular, we begin
with a nonlinear evolution equation in a Hilbert space H (L? in our treatment
of Kuramoto-Sivashinsky) of the form

du
= F(w) 1)
where the domain of F is dense in H. By a solution of (1) we understand a
function w : [0, tnes) — dom (H), such that u differentiable and (1) is satisfied
for all t € [0, timaz)-

We assume that {e; | i =0,1,...} forms a complete orthogonal basis for H.
In the case of the Kuramoto-Sivashinsky equation F'(u) = Lu + B(u,u), where
L is the linear part and B is the nonlinear part, the functions {e;} are chosen
to be eigenvalues of L.

Fix m € N and let

P, :H—-X,

be the orthogonal projection from H onto the finite dimensional subspace span-
ned by {e1,e2,...,em}. Let

Qmn =1—-P:H-—>Y,,
be the complementary orthogonal projection. Finally, let
A, H—R

be the orthogonal projection onto the subspace generated by eg.
Given u € H, let Pu = p and Q,,u = ¢q. Equation (1) can be rewritten as

Y = QuE() 3

The strategy adopted is fairly simple: study the dynamics of the low di-
mensional Galerkin projection (2) to draw conclusions about the dynamics of
(1). Before turning to the precise conditions, consider the following heuristic
description of our approach.

Let W C X,,,, V C Y, and set V; = Q;(V) for j > m. Furthermore,
given g; € V; assume that lim;_, ||g;|| = 0. Our only knowledge concerning
the higher order modes or “tails” of the solutions is that they project into V.
This implies that our knowledge of the vector field is reduced to the following
differential inclusion

dp
Fep r
7 € Pm (p,V)



where p € W. Numerical calculations on this equation are used to find topo-
logical invariants (the Conley index, the fixed point index) which guarantee the
existence of specific dynamics, e.g. fixed points, periodic orbits, symbolic dy-
namics, positive entropy, etc. It is simultaneously argued that the topological
invariant is the same for any j-dimensional Galerkin projection of (1) for j > m.
Thus, the same dynamical object exists for each sufficiently high Galerkin ap-
proximation. Finally, it is shown that the limit of these objects leads to the
desired dynamics for the full system (1).

2.1 Self-consistent Bounds

As one might expect the orthonormal basis {e;} and the sets W and V must be
chosen with care. The first issue that needs to be dealt with is analytic in nature
- solutions to the ordinary differential equations must approximate solutions of
the partial differential equation. This leads to the following definition.

Definition 1 Let m, M € N with m < M. A compact set W C X, and a
sequence of pairs {af € R | a, <aj, k€ N} form self-consistent apriori
bounds for (1) if the following conditions are satisfied:

C1 Fork>M,a;<O<az.

C2 Let ay := max |aif| and set @ = 350, dyey. Then, & € H and in particular,
@ is bounded in the norm on H (]|d]| < oo ).

C3 The function u — F(u) is continuous on

W e H la,af] C H.
k=m+1

Moreover, if we define f; = max | [AxF (u)| and set f=

weWSIIRL,, 1[0y af
S” frek, then f € H. In particular, ||f|| < co.

Cda Letue W a Hz‘;mﬂ[a;,ak—i—]. Then for k > m:

Apu=a; = AyF(u)) <0, (4)
Ayu=a, = ApF(u))>0. (5)

The above definition differs slightly from Def. 2.1 in [ZM], namely condition
Cda is added. In [ZM] this condition was used as part of topologically self-
consistent bounds (Def. 2.11), which we are not using here.

At this point the reader may wonder if it is hard to find a tail, i.e. {af}
satisfying C2-C4a. This turns out be a relatively easy task. For example, for
Kuramoto-Sivashinsky PDEs or Navier-Stokes equations (see [ZM, Z]) to satisfy
C2 and C3 it is sufficient to take af = ﬁc‘c for s large enough. It turns out

that with a careful choice of C' = C(W, s) condition C4a is also satisfied. This




choice of tail means that we consider sufficiently regular functions, which may
appear a limitation of our approach. But if fact it is not, as solutions which
exists for an unbounded time are usually very regular, see [FT, HG, K].

Given self-consistent a-priori bounds W and {aj}, let

oo

V.= H lay,,a)] C Yo,
k=m+1

Our goal is to numerically solve (2) on W and draw conclusions about the
dynamics of (1) on the set W @&V C H. To do this we will make use of the
following results, first of two of them are obvious:

Lemma 1 Given self-consistent a priori bounds W and {af}, WoaV isa
compact subset of H.

Lemma 2 Given self-consistent apriori bounds W and {af}, W eV, then

lim Qn(F(u)) =0, uniformly forue W eV

The following Proposition was proved in [ZM, Prop. 2.4]

Lemma 3 Let W and {af} be self-consistent bounds for (1). A function a :
[0,T] = WV given by

a(t) = ap(t)ex
k=0

is a solution to (1), if and only if, for each k € N and all t € [0,T)

dak
— = A F(a). 6
U~ AvF(a) (©
Lemma 4 Let W and {af} be self-consistent bounds for (1). Let {ng}ren C
N U {co} be any sequence. Assume that for all k xp : [t1,t2] = W BV is a
solution of
dp
E = Pnk (F(p)), p(t) € Xnk' (7)
Then the family of functions {xy} is relatively compact (i.e. every sequence
contains a convergent subsequence).

Proof: From Lemma 1 it follows that set W@V is compact, hence by the Ascoli-

Arzela lemma it is enough to show that the functions zj are equicontinuous.
For this end observe that |z} | is bounded from above by sup,cy ey [F(2)],

which is bounded due to compactness of W & V' and condition C3. ]

Lemma 5 Let W and {aif} be self-consistent bounds for (1). Let {ny}ren C N
be sequence, such that limg_, ng = co0. Assume that for all k xy : [t1,t2] —
W &V is a solution of

PP (FG),  pl0) € Xy 0



Then there exists a convergent subsequence
im0 Tk, = ©*, where x* : [t1,t2] — W @V and the convergence is uniform
on [a,b]. Moreover, x* satisfies (1).

Proof: An existence of convergent subsequence follows from Lemma 4. Without
any loss of generality we can assume that the whole sequence {x} converges
uniformly to z*. Obviously z* is continuous.

We will show that for all i € N and ¢ € [t1,t2)

t

Piz*(t) = Px*(t1) +/ Pi(F(x*(s)) ds. 9)
t1

Let us fix an 4. Observe that for k big enough (such that ny > 4, hence P, P,, =

P;) we have

Pian(t) = Py (tr) + / Py(F(ax(s) ds. (10)

Observe that P;xj converges uniformly to P;z*, hence it remains to show that
f:l P (F(xk( )) ds converges uniformly with respect to t € [t1,t2] to

ftl (s)) ds. This follows immediately from the uniform continuity of
F on W 69 V', because by C3 is continuous on W & V, hence also uniformly
continuous on this set.

From differentiation of (9) we obtain

d
Pt (t) = PLF(a* (1), (1)
hence by Lemma 3 it follows that z* is a solution of (1). ]

3 Poincaré sections and maps

In this section we assume Standing Hypothesis:
W and {af} be self-consistent bounds for (1). We set

V=110 1 lay a;]

Definition 2 Let o : W O dom(a) — R be a C'-function defined on some
open (with respect to X,,) set. We say 6 C {z € (int x, W) @V | a(Pyx) = 0}
is a section for (1) if

e P, (0) is (m — 1)-dimensional manifold

o there exists a set U, such that U C W, U =int x, U, P,(0) C U and a
real number 3 > 0 such that for allx € U and g € V

7AkF SC +q) 6




Let us make a few comments regarding above definition.

e a section is defined in terms of m-first modes, hence P, (#) is section for
n-th Galerkin projection of (1) for n > m

e the notion of section depends on the self-consistent bounds W & V.
The n-dimensional Galerkin projection given by

d
d—f =P,F(z), z€X, (12)

induces a local flow ¢, (t, zo), where @, (-, o) is a solution to (12) with an initial
condition z(0) = xg.

Definition 3 Let 6 be a section for (1). Then P,(0) is a section for (12) and
we define a first return time to section 6 function by

tno(x) =1inf{t > 0] o, (t,20) € P.(0)}, re X, (13)

Definition 4 Consider sections 61 and 05. We assume that either 0, = 65 or
01 N 02 = (Z) Let
D,, ={z € P,(01) | tn,e,(x) < 00}. (14)

We define a Poincaré map, Gp.g,—g, : Dy, — Pp(02), between sections 61 and
92 by
Gn,0,—0,(%) = Pnltn,e,(7), 7). (15)

It is well known, that Gy, 9,0, is continuous.

Now we would like to define a notion of the Poincaré map and that of the
first return time for (1). Since we did not assume the local uniqueness for (1)
we will only define these notions with respect to a given solution of (1).

Definition 5 Let z : [0,tma.) — H be a solution (1) such that x(0) = xo. Let
01, 0 be sections, such that either 01 = 05 or 01 N0y = (.

o tp,(xg) =1inf(t > 0] z(t) € 62)
o ifto,(x0) < 0o and xg € 01, then Go,—a,(x0) = x(te,(z0))

Observe that the map Poincaré map G defined above is in principle a multivalued
map (it will be in fact multivalued in case of non-uniqueness).

Definition 6 Let 6g,604,...,0, be sections, such that either 8;_1 = 0; or 6;,_1 N
0; =0 foralli=1,...,7r. Wesay that Gy._,_9.0Gy._, 9. _,0--0Gg, g, (y0) =
yr iff and only there exists a solution,  : [0,tmaez) — H, of (1) and a sequence
of points y1,...,yr—1 such that

ey, €0, fori=0,...,7



e there exists a sequence of real numbers 0 = tg < t1 < -+ < tp < tmaz,
such that x(t;) = y; and for allt € (t;—1,t;) x(t) & 6;.

Lemma 6 Let 0 be a section for (1) and let for n >m G, = Gy 9—0.

Let {kn,} C N\ {1,...,m — 1}, such that lim,,_,oc ky, = 00. Assume that for
all n there exists a function xy, : [0,00) = W & Py, (V) a solution of k, — th
Galerkin projection of (1) (i.e. (12) with n = ky) , such that Gy, (zy, (0)) =
xkn (0)

Then there exists a solution x* : [0,00) = W@V of (1), such that x*(0) € 0
and G(x*(0)) = x*(0). In particular * is a nonconstant periodic solution of

(1).

Proof: Without any loss of generality we can assume that k, = n (and we
consider only n > M).

Let us denote by T, the period of x,. Without any loss of generality we
can assume T, — T™*. Observe that from the Def. 2 it follows that there exists
€ > 0, such that for all n, T}, > €, hence also T* > e.

From Lemma 5 it follows that there exists a subsequence z,, converging
uniformly on compact time intervals (we assume that the whole sequence con-
verges) to z* : [0,00) — W @ V, which is a solution of (1). Since z*(0) € 4,
hence z* is not a constant function. It is also easy to see T is a first return
time to 6 (see Def. 5). It remains to show that z*(T*) = z*(0).

We have

[l (0) = 2" (T)[| < [[2"(0) = 2n (0} + |2n(0) — 2n (Tn)|| +
[0 (Tr) = 2™ (To) || + [l (Tn) — 2™ (T)]|
127(0) = 2n (O)[| + [l2n (Tn) — & (Tn) | + [l2™(T0) — 2™ (T)]I-

First two terms are arbitrarily small as n — oo due to uniform convergence and
the last term tends to zero due to continuity of z*. ]

A slight modification of above proof allows to establish the following
Lemma 7 Let 6; for i =0,1,... be section for (1), such that either 6; = 6,11
or0; N0 1 =0 fori=0,1,....

Let S; = S; C P,,0;, fori € N.

Let {kn} C N\ {1,...,m — 1}, such that lim,,_,oc k,, = 00. Assume that for
all n there exists a function xy,, : [0,00) = W @& Py, (V) a solution of (12) with
n = ky, such that for alli € N

G =0, © Ghybi_a—6,_1 © - © Gh oy -0, (21, (0)) € 5i.
Then there exists a solution x* : [0,00) — W &V of (1), such that
Gei—>97’,—1 °© G91—2—>97:—1 0---0 G90—>91 (:v*(O)) €5;.

If for some r > 0 the sequence of sections is r-periodic , i.e. 0; = 0;4, for
i € N and if additionally for all n we have

Gl 0,0, 1 © G0, 5—0,1 © 0 G, 090, (2K, (0)) = 21, (0)



then x* can be chosen so that x* is periodic and

Go,—0,_,°Go,_,—p,_, -0 Gy,—g,(27(0)) = 27(0).

3.1 Basic Differential Inclusion and computation Poincaré
maps for all Galerkin projections

In this subsection we discuss how in one step we can obtain an information
about Poincaré maps for n-th Galerkin projection for n > M.
Consider now a differential inclusion

dt
where E = conv ({P,, F(z + q) — P F(z) |z € W, g€ V}) and z € CL.

We will refer to (16) as a Basic Differential Inclusion for (1) and self-
consistent bounds W @ V.

P, (F(x))+ E, z(0) =g € Xy (16)

Definition 7 Consider sections 601 and 65, such that either 01 = 05 or 01N =
0. We define a Poincaré map Go, ¢, : 01 O domG — 292 by

o for any xo € 61 let S(xg) be a set of right full solutions of (16), i.e.
defined for t € [0, tmazx), S0 that either ty,qa. = 00 or & cannot be extended
tot > tmas

o o € dom(Gy,—e,) iff for all x € S(xg) there exists t1 > 0 such x(t1) € 05

and
x([O,tl]) C int XmW (17)

o Let kg € dom(Gy,—g,), for x € S(xg) let t, > 0 be a smallest positive
number with the property x(t,) € 03. We set

Go,—0, (o) = conv{x(ty) | x € S(x0)},

Definition 8 Given a multivalued map F : D — 2Y. A map f: D' —Y isa
selector for F iff D' C D and for allx € D' f(z) € F(x).

The following statement is rather obvious, but is of great importance in our
approach, hence we alleviate it to the theorem status.

Theorem 8 Consider sections 01 and 0o, such that either 1 = 0y or 6:N0y = (.
Let G = Gy, 9, be a Poincaré map for (16). Let Gy, = Gy 0, —0,-
Then for alln > M

e domG® P,V C domG,
e forallp+q € domG ® P,V holds

@n([oa tn,é(p + Q) eWe QmPnV



Proof: Let us consider n-th Galerkin projection

dp

dg

where p € X,,, and ¢ € @, X,,.

Let po + qo € domG @ P, V. Let z(t) = (p(t) + q(t)) for t € [0, tmaz) be
a solution of system (18-19) with an initial condition p(0) = po and ¢(0) = ¢o
extended to the right to the maximum existence interval. Observe that py €
int x,, W. From condition C4a it follows that ¢(¢) € int g, x,V for t € (0,h)
for h sufficiently small.

Observe that as long as p(t) + ¢(t) € int x, W & Q, P,V for all ¢t € [0,11),
then p(t) + q(t) for ¢ € [0,t1) is a solution of differential inclusion (16). From
this observation the assertion follows immediately. ]

From Theorem 8 it follows that a computation of G gives bounds for G, for
all n > M. The question how to actually compute G rigorously is treated in
[ZPLo], a shorter description can be found in Section 7.

The next theorem, which uses Brouwer fixed point theorem as a finite di-
mensional tool, illustrates how an information on differential inclusion (16) can
be used to obtain a periodic orbit in case of an apparently attracting periodic
orbit. A case of unstable orbit is treated in Section 4.4.

Theorem 9 Assume that we have self-consistent bounds for (1) and a section
0. Let G be a Poincaré map on 0 for (16).
Assume that there exists a set B C 0, such that

e B is homeomorphic with (m — 1)-dimensional closed ball,
e B C domg,
e G(B) C B.

Then there ezists a function u : [0,00) = W@V a solution to (1), such that
u(0) € 8 and G(u(0)) = u(0). In particular u is T-periodic for some T > 0.

Proof: Consider an n-th Galerkin projection of (1). Let G,, = G, 9—g. From
Theorem 8 it follows that for all n > M we have

Gn(B®QmP,V) C B&QnP,V (20)
on([0,tn0(x0)],20) C W QnP,V, forzgeBa&Q,PV (21)

From the Brouwer theorem [DG] it follows that for all n > M there exists a
fixed point, x,, of G,,. Now the assertion follows easily from Lemma 6. ]
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4 Covering relations and self-consistent bounds

In this section we present the notion of covering relation, a tool which hopefully
will allow to prove an existence of symbolic dynamics for (1). The notion of
a covering relation was introduced in papers [Z0, Z1, Z2, Z4]. Here we follow
the most recent and most general version introduced in [GiZ] and the reader is
referred there for proofs.

First we will recall the definition from [GiZ] and then we show how to link
it with self-consistent bounds.

4.1 h-sets

Notation: For a given norm in R"™ by B, (¢, r) we will denote an open ball of
radius 7 centered at ¢ € R™. When the dimension n is obvious from the context
we will drop the subscript n. Let S™(¢,r) = 0Bp+1(c, ), by the symbol S™ we
will denote S™(0,1). We set R = {0}, By (0,7) = {0}, dBo(0,7) = 0.

For a given set Z, by int Z, Z, Z we denote the interior, the closure and the
boundary of Z, respectively. For the map h: [0,1] x Z — R™ we set hy = h(t, ).
By Id we denote an identity map. For a map f, by dom(f) we will denote the
domain of f.

Definition 9 A h-set, N, is the object consisting of the following data
e |N| - a compact subset of R", a support of N
e u(N),s(N)e{0,1,2,...}, such that u(N) + s(N) =n

e a homeomorphism cy : R — R™ = R¥“V) 5 RSWN)  sych that
en(IN]) = Buy(0,1) x By(ny(0,1).
We set

Ne = By(n)(0,1) x By (0, 1),
N_ = 0B,n(0,1) x By(n)(0,1)
N =B,nx)(0,1) x 0B4n)(0,1)

N~ =cy' (N7), Nt =cy'(N)

(&

Hence a h-set, IV, is a product of two closed balls in some coordinate system.
The numbers, u(N) and s(NN), stand for the dimensions of nominally unstable
and stable directions, respectively. The subscript c refers to the new coordinates
given by homeomorphism c¢y. We will call N~ (N.) an exit set of N and N*

(NF) an entry set of N. Observe that if u(N) = 0, then N- = ) and if
s(N) =0, then N* = 0.

11



4.2 Covering relations in finite dimension

For n > 0 and a continuous map f : S™ — S™ by d(f) we denote the degree
of f [DG]. For n = 0 we define the degree, d(f), as follows. Observe first that
50 ={-1,1}. We set

1, if f(1)=1and f(-1) =-1,
d(f)y =< -1, if f(1) = -1 and f(-1) =1, (22)
0, otherwise.

Definition 10 Assume n > 0. Let f : B,(0,1) — R", such that
0¢ f(0B(0,1))). (23)
We define a map sy : S"~!1 — S"~1 by

@
@ = TF@T

(24)

Definition 11 Assume N, M are h-sets, such that w(N) = u(M) = u and
s(N) = s(M) = s. Let f : |[N| — R™ be continuous. Let f. = cpro focy :
N, — R* x R®. Let w be a nonzero integer. We say that

NLE
(N f-covers M with degree w) iff the following conditions are satisfied

1. there exists a continuous homotopy h : [0,1] x N, — R* x R®, such that the
following conditions hold

ho = fe (25)
R(0,1],N.)NM, = 0 (26)
h([0,1], Ne)n M = 0 (27)

2.1 Ifu > 0, then there exists a map A : R* — RY, such that
hi(p,q) = (A(p),0), wherep € R" and q € R® (28)
A(9B.(0,1)) © R\ B,(0,1) (29)

Moreover, we require that
d(sa) = w,
2.2 Ifu=0, then

hi(z) = 0 forx € N, (30)
w = 1 (31)

12



Intuitively, N :f> M if f stretches N in the 'nominally unstable’ direction,
so that its projection onto 'unstable’ direction in M covers in a topologically
nontrivial manner the projection of M. In the 'nominally stable’ direction N is
contracted by f. As a result N is mapped across M in the unstable direction,
without touching M ™. An example of covering relation on the plane with one
unstable direction is shown on Figure 2.

The following theorem was proved in [GiZ]. Various versions of this theorem
using slightly weaker notions of covering relations or even without an explicitly
defined notion of covering relation were given in [Z0, Z1, 72, Z4].

Theorem 10 Assume N;, i = 0,...,k, N = Ny are h-sets and for each i =
1,...,k we have

N 2 (32)
Then there exists a point x € int |[Ny|, such that
f10f27100f1($>€lnt|N7{|7 Zzl,,k (33)

Moreover if Ny, = Ny then x can be chosen so that

frofr—r10--0 fi(x) =2 (34)

Obviously we cannot make any claim about the uniqueness of x in Theo-
rem 10.
Later we will need the following easy

Lemma 11 Assume N, M are h-sets, such that u(N) = uw(M) = u and s(N) =

s(M) = s. Let f : |N| — R™ be continuous. Assume that there exists a
continuous homotopy h : [0,1] x |N| — R"™, such that
hO = f7 (35)
R([0,1,N")nM = 0 (36)
h(0,1], NynM*+ = ¢ (37)
N Yo (38)
then
NL2

4.3 Covering relation with one nominally expanding di-
rection (u = 1)

In this section we discuss the case of u = 1, hence we have only one nominally
expanding and possibly many nominally contracting direction. The basic idea
here is: the set N~ consists from two disjoint components and all possible
values of the degree w in covering relation are +1. This allows to give sufficient
conditions for an existence of covering relations, which are relatively easy to
verify.

13



Left side
Ri ght side

Figure 1: An example of h-set on the plane.

Definition 12 Let N be a h-set, such that u(N) =1. We set

Nie = {_1} X BS(N)(O) 1)
N(T;e = {1} X BS(N)(O’ 1)
S(N)., = (—o00,—1) x R*M)

S(N) = (1,00) x R¥WN),

We define

We will call N'*, N, S(N)! and S(N)" the left edge, the right edge, the left
side and right side of N, respectively.

It is easy to see that N~ = N!¢ U N"°.

Remark 12 A wusual picture of a h-set on the plane u(N) = s(N) =1 is given
wm Figure 1.

A typical picture illustrating covering relation on the plane with one ’unsta-
ble’ direction is given on Figure 2.

The following theorem was proved in [GiZ].

Theorem 13 Let N, M be two h-sets in R™, such that u(N) =u(M) =1 and
s(N)=s(M)=s=n—1. Let f: |[N| = R" be continuous.

Assume that there exists qo € Bs(0,1), such that following conditions are
satisfied

Flen([=1,1] x {go})) < int(S(M)" U|M|US(M)") (39)
AN NME =0, (40)

14



FNG?)

™ )| )

No WA

Figure 2: An example of an f—covering relation: Ny = Ny, IV,

and one of the following two conditions holds
f(N'®)y c S(M)' and f(N"°) C S(M)" (41)
f(N'ey c S(M)" and f(N") c S(M)". (42)

Then there exists w = +1, such that

N L2 s

4.4 Covering relations for self-consistent bounds

In this section we assume that W and V' =112 | [a;, a;] form self-consistent
bounds for (1). We will use the notation for sections and Poincaré maps intro-
duced in Section 3.

Assume that we have a Poincaré map , G = Gy_9, for (1) on section 6. The
generalization to Poincaré maps involving transitions between different sections
is straightforward.

We want to generalize a notion of an h-set and of a covering relation in the
context of self-consistent bounds, so that the Theorem 10 remain valid.

Definition 13 Let Ny, N1 be h-sets contained in 06 N W. Assume that

|No| € dom@.
We will say that Ny N Ny (No G-covers Ni) iff the following conditions are
satisfied

there exists a continuous selector, f :|No| — R™, of G, such that

Ny Ly Ny for some w # 0

15



and

G(Ny ) NNy 0
G(INo) NN = 0
Remark 14 From the convexity of G(x) it follows that if g : |[Ng| — R™ is

another selector for G, then by Lemma 11 also Ng Z= Ny for the same w,
which appears in Def. 13.

Definition 14 Let N be an h-set contained in 0 "W . For k > m we define an
h-set N (k) as follows:

for k =m we set N(m) =N,

for k > m we set

IN(k)| = IN| @ IT5_,, 11 [a; , a]]

u(N(k)) = u(N), s(N(k)) = s(N) + (k —m)

Let e : RF=™ — R*="™ be an affine homeomorphism such that

e(Hf:m+1[a;7a;r]) = Ekfm(oa ]-)
We define

CN(k)(xay) = (CN)(x)7e(y))7 T € X,y € Qm Xk

=
=
|
I
%
@
=
|R"
3
*
=

af]

) ] )
Nk)" = Ntolll_, .l ,af]UN®OI)_,  [a;,af]

Observe that in the definition of N (k) we treat the directions e; for [ > m as
nominally stable.
We have the following

Lemma 15 Let Ny, N1 be h-sets contained in 6 N W. If Ny N N1, then for
any k > M Ny(k) LN Ny (k).

-t
Proof: Let a € H be given by a; = w for m < k < M and 0 otherwise.

Let f be a selector for Ny £ Ny (see Def. 13).
We define a homotopy H : [0, 1] x |No(k)| — X by

H(\ x) = (1= N)Gi(x) + Mf(Pn(2)), ). (45)

Obviously Hy = Gy, and P,, o H; = f for z € X,,,. Moreover it is also easy to
see that "
No(k) = Ni(k). (46)

16



From Theorem 8 it follows that P, Gr(x) € G(Pp,x) for all z € |[No(k)|. By
the convexity of G(P,x) it follows that also

P,H([0,1],z) € G(Px). (47)
Again from Theorem 8 and the definition of the vector a we know that
QumH([0,1],2) € I, (a; ,a]). (48)
From (47), (48), (43) and (44) it follows that
H([0,1], Ny (F)) N [N1(F)| = 0 (49)
H([0, 1], [No(k)) " N1 (k)" = 0. (50)
The assertion follows from (46), (49), (50) and Lemma 11. ]

Now we state the main theorem in this section.

Theorem 16 Assume N;, i =0,...,k, Ny = Ny are h-sets in 6 N W and for
eachi=1,..., k we have

Ni_1 =% N;. (51)
Then there exists a point x € (int x, |No|) ® V, such that

G'(z) € (int x, [N:)@V, i=1,...,k (52)

Moreover, if N, = Ng then x can be chosen so that
GF(x) = . (53)
Proof: From Lemma 15 it follows that for n > M we have N;_1(n) S N, for
t =1,...,k. The assertion now follows easily Theorem 10 and Lemmas 6 and
7. ]

To proceed further we will recall some notions from symbolic dynamics. For
any k > 0, we define Z;‘ =1{0,1,...,k—1}. On Zz we define a shift map
o: E; — % by

J((ao,al,ag, .. )) = (CLl,CLQ, e )

For a k x k matrix A, such that A; ; € {0,1} for 4,5 =0,...,k — 1 we define

¥h 3l by
Sh={(a)ien | Aairr 00 20 fori=0,1,...}
The following theorem is an immediate consequence of Theorem 16.

Theorem 17 Let Ny, ..., Ng_1 be h-sets in 6 N W. Let matriz A be given by

. g
4, = {1 if N; <2 N; |

(54)
0 otherwise.

Then for any a € X7 there exists a solution z,, : [0,00) — W @V so that
with respect to this solution G*(24(0)) € |Na,|® V. Moreover, if « is r-periodic,
then x4, can be chosen so that the sequence G*(24(0)) is r-periodic, in particular
To 1S periodic.

17



5 The existence of periodic orbit for v = 0.127

The goal of this section to show the method of self-consistent bounds allows
to prove an existence of periodic orbit for the Kuramoto-Sivashinsky partial
differential equation.

The Kuramoto-Sivashinsky equation [KT, S| (we will use shortcut KS equa-
tion in the sequel) introduced in the context of a wave front propagation is given
by

Up = —VUpppr — Upy + 2Uly (t,z) € [0,00) X (—m,7), v >0. (55)
Assuming odd and periodic boundary conditions
u(t,z) = u(t,x + 2m), wu(t,z) = —u(t,—z), (56)

KS-equation can be reduced (see [ZM]) to the following infinite system of ordi-
nary differential equations for the coefficients of the Fourier expansion of u

k—1 00
ap = k*(1 — vk?)ay — k Z UnQp—n + 2k Z ananyr k=1,2,3,... (57)
n=1 n=1

We will refer to coordinates aj, as modes. In this paper we focus on v = 0.127.
For this parameter value numerical simulations suggests an existence of an at-
tracting limit cycle, whose projection (a1,as) is an ellipse on which the point
moves in the clockwise direction.

Theorem 18 Let ug(z) = Z}lci1 —2ay, sin(kx), where ay are given in Table 1.
There exists a function u*(t,z) a classical solution of (55 - 56) for v = 0.127,
such that

luo — u*(0,-)||r, <5-1072, lug — u*(0,-)||co < 7-1075 (58)

such that u* is periodic with respect to t, with period T' € (2.44296, 2.4438).

6 Proof of Theorem 18

Let R be a map which leaves even modes and changes sign of odd modes:
ask — asg and asgy1 — —aska1. It is easy to see that R leaves the system (57)
and any Galerkin projection of it invariant (R is the symmetry of the equations).

To define Poincaré sections we use linear functions, i.e. the function « defin-
ing the section is linear

a(z) = ag + Z a;x;, o >0. (59)
i=1
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Table 1: Coordinates of uq - an approximation of an initial condition for periodic
orbit in Theorem 18.

a; = 2.012106e — 01 az = 1.289980

a3z = 2.012109¢ — 01 as = —3.778662¢ — 01
as = —4.230950e — 02 ae = 4.316159¢ — 02
a7 = 6.940217e — 03 ag = —4.156484e — 03
ag = —7.944907e — 04 aio = 3.316061e — 04
a1 = 7.939456e — 05 | aj2 = —2.390962¢ — 05
a3 = —7.087251e — 06 | aiq4 = 1.568377e — 06

Let 1 = 0, be such a linear section. We define a symmetric section, 65, by
0> = RO;. This means that 5 is defined by the following linear function 3

m

B(z) = ap + Z(fl)iaizi, 3 > 0. (60)

i=1
By the symmetry we have for any Galerkin projection
Gn,0,—0, = RGp9,—0, R (61)
For the full Poincaré map on section 61, G,,, we obtain that
Grn = Gn9,—0,Gno,—0, = RGrg, 0, RGr g, 9, = (RGno,—~0,)>.  (62)

Hence any fixed point for RG,, 6, e, is a fixed point for G,,.

Let G be a Poincaré map for Basic Differential Inclusion (16) for the transi-
tion 91 — R91

The proof is computer assisted and consists from the following steps, which
we will discuss in more details later.

1. an initialization: setting up the parameters: dimensions m and M, finding
an approximate periodic orbit, choosing the section 6, finding a suitable
coordinates on 6

2. a construction of self-consistent bounds
3. a construction of a set N C W, such that RG(N) C int N

4. a conclusion of the proof, application of theorems from previous sections

6.1 Part 1 - initialization

In the proof we used m = 14 and M = 3m = 42.
We define a point z as in Table 2. This point should be a good approxima-
tion to a true periodic point for (55). The point, 2o was found as follows. Let us
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Table 2: Approximate coordinates for the starting point on the periodic orbit

for v = 0.127.

a; = 0.201211
a3z = 0.201211
as = —0.0423095
a7 = 0.00694021
ag = —0.00079449
a1 = 7.93945e — 05
a3 = —7.08724e — 06

as = 1.28998
as = —0.377866
as = 0.0431616
ag = —0.00415648
a0 = 0.000331606
a2 = —2.39096e — 05
a4 = 1.56839¢ — 06

define a section o by a; —as = 0, aj —a} > 0. Consider the map f = RGp,.0—Ro-
Since we are looking for an attractive fixed point we just iterated a map f for
some initial value until |f(z) — z|o < 1075, We computed map f using 4-th
order Runge-Kutta method with a time step h = Wl—wrﬂ)\ = 0.000106773.

We define the section 6; as a section perpendicular to P,, F(x¢) at xg, namely
we set

a(z) = (PnF(xo)|z) — (P F(x0)|xo), o >0. (63)

Let 03 = RO,. We define section coordinates on 6, , which will be used later in
the proof as follows.

The map g = RGmp,—0, : 01 D U — 601, where xy € U, has zy as an
approximate fixed point. Next we compute nonrigorously an approximate Ja-
cobian matrix Dg(x) using 4-th order Runge-Kutta to compute the trajectory
of g and 2-th order Taylor method for the variational part, with the time step
h = graapmey = 0:000106773. The matrix Dg(zo) € Rm=Dx(m=1) jg ex-
pressed coordinates a;=1, 13, defined as follows. Let ig be such that |4, F(zo)]
achieve a maximum for ¢ = iy (for our periodic orbit iy = 3). Then

~ (e7
a; =
ai+1

Let r = 8. From the matrix Dg(zo) we take an r X r-part upper left corner
part, D € R™*" namely

if © < ip,

64
if i > dp. (64)

l~)ij = Dg(x0)sj, fori,j=1,...,r (65)

Next we apply to Da diagonalization procedure based on QR-decomposition al-
gorithm [R] to D to obtain approximate eigenvectors vy, va, . . ., v, corresponding

to approximate eigenvalues \i,...,\.. We assume additionally that we have
M| > ol >0 > A (66)

Parts of diagonalization data are contained in Tables 3 and 4. It is clear from
these tables that eigenvalues are decaying rapidly to zero and the high modes
are strongly damped.
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Table 3: Approximate eigenvalues for D

0.5258
0.090375
3.5019e-08
1.6503e-08
-3.7784e-09
-4.0167e-11
-8.9431e-10
-6.6955e-11

0 1O Ui Wi =

Table 4: Four leading approximate eigenvectors for D

V1 (%) U3 Uy
0.31728 -0.070268 0.046791 0.088001
-0.81436 0.8341 -0.33709 0.23897

0.47674 -0.53787 0.92972 -0.45521
0.033933 -0.024953 | -0.017497 | -0.82473
-0.086464 0.095695 -0.13781 0.16446

-0.0095825 | 0.0093288 | -0.0094954 | 0.14042

0.01127 -0.012669 0.019939 | -0.019339

0.0016374 | -0.0016399 | 0.0017784 | -0.02442

0 O T WN -
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To an ordered collection of eigenvectors {vy,...,v,.} we apply an interval
Gramm-Schmidt orthogonalization procedure, to obtain a new orthonormal set
of vectors {wy, ..., w, }. These vectors define a new coordinate frame on R” and
together with coordinates a,;1,...,a, define a new coordinates on 6, such
x9 = 0. We will denote these coordinates by ¢; and we will refer to them as
section coordinates.

It is essential here that the Gramm-Schmidt diagonalization procedure is
performed using an interval arithmetics, because in this way we obtain rigorous
orthogonal transformation from cartesian coordinates, a, on section ; to section
coordinates and its rigorous inverse. Both transformations are needed later in
the proof, because the integration of Basic Differential Inclusion for (55) is done
in cartesian coordinates, but all the important in the proof sets are defined using
section coordinates.

6.2 Part 2 - a construction of self-consistent bounds.

We have to define a set W C X,,, and {aki};Dm. In principle it is enough to
take any W C X,, such that P,,v C W, where v is an approximate periodic
orbit for m;-dimensional Galerkin projection of (55) (m1 > m). For such a set
W we construct {aif} using the algorithm described in Section 3.3 of [ZM] .
But it is obvious that to obtain the proof for with a relatively small dimension
m (hence in short computation time) it essential that we choose W as a small
neighborhood of v. It turns out also very important how we let AW to decay.
The set W was constructed as follows

1. we generate an approximate periodic trajectory for m-dimensional Galerkin
projection, with my > m. In our proof m; = 16. 4-th Runge-Kutta
method with a fixed time step h = m was used for this purpose.

As a result of this procedure we obtain a finite ordered set of points Z C

X, , which apparently is very close to m;-dimensional projection of the

periodic orbit we are after.

2. we define an auxiliary set W C X,, as follows. On the plane (aj,a3) we
introduce polar coordinates (r,¢). For ¢ = 0,...,p — 1 (p = 70 in the
proof) we define sets .S; by

5= { @00 lfar,00) £ 0.0), s(oran) € 222D (o)
Next we define sets D;(n,Z) C X,, fori=0,1,...,p—1 by
Di(n,Z) = IHul{P,z|z€ Z,
(A1(2), A3(2)) € S(i—1) mod p YU Si U S(i+1) mod p}-
For an stretching factor parameter, e, (e = 1.1 in the proof ) and any
interval I = [a,b] we define a new interval, stretch(I,e) by
b—a b-— a]

stretch(l,e) = (a+b)/2 + [—62,6 5

(68)
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For an interval set X = Hleli, where I; is an interval we set

stretch(X, e) = II7_; stretch(I;, ) (69)

We introduce another parameter n;4, - the number of coordinates for which
we force an isolation, but still we include them in computations (in the
proof n;s, = 3).

We define for i =0,...,p—1

W; = stretch(D; (m — niso), €) (70)
We set
—~ p—! o
i=0

Obviously W C Xm—n,;.,- For this set and M we compute the self-
consistent bounds to obtain a collection of pairs {@; }rsm—n.., -

We set for i =0,...,p—1
Wi= Wi x Ly [ @) (72)

We set W = Ef;ol W;. Table 5 contains the interval enclosure of W i.e.
the smallest product of interval containing W.

Finally, for W and M we compute self-consistent bounds {af};@m using
algorithm outlined in Section 3.3 in [ZM]. Table 6 contains these bounds

together with initial bounds used to start the algorithm (see Section 5 in
[ZM] for more details).

Let
E,, = conv ({AnF(:c) — A (F(Pp(2)) |z e W Hk>m[a,;,a'k"]}) (73)

The interval E,, measures the influence of tail on n-th coordinate of the
vector field and we will call the interval vector E the Galerkin projection
error. Having self-consistent bounds we can compute F in the Basic Dif-
ferential Inclusion (16). Table 7 contains Galerkin projection errors from
the proof.

6.3 Part 3 - Basic Differential Inclusion and the construc-
tion of N

Consider now the Basic Differential Inclusion (16) for (55) , where E is computed

in previous subsection (see Table 7). Let us remind the reader that by G we

denote a Poincaré map between sections 67 and Rf;. Our goal is to construct
a set N C 6 "W, such that

N C dom(G) (74)

RG(N) C intN (75)
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Table 5: The interval enclosure of W from the proof of Theorem 18. The tail is
given in Table 6. Columns: c-coordinate index, bounds for ¢-th coordinate

C bounds

1 [-0.427501,0.427482]

2 [1.06609,1.33357]

3 [-0.866305,0.866316]

4 [-0.391295,-0.129789]

5 [-0.18118,0.181172]

6 [-0.0271086,0.0474366)

7 [-0.0201397,0.0201411]

8 [-0.00485958,0.00629999]
9 [-0.00182595,0.00182582]
10 | [-0.000718572,0.000425729]
11 | [-0.000150202,0.000150379]
12 | [-3.49005e-05,7.58671e-05]
13 | [-1.81432e-05,1.81445e-05]
14 [-6.24288¢-06,2.6964e-006)

Let us remind the reader (see condition (17) in Def. 7) that condition (74)
requires that any solution of (16) starting from x € N stays in W for ¢ > 0 and
less than or equal to the first return time to R6.

The algorithm presented in Section 7 allows to compute rigorous enclosure
for G(N) for any N C 6.

We constructed N as a result of the following simple algorithm we outline
below. We would like to stress that in its description we use section coordinates
(introduced in Section 6.1).

Algorithm

1. Initialization We set the parameters for the computation of G: a time step
h = = 0.000106773 and r = 3 - an order of the numerical

1
2|m2(1—vm?)
method used.

We set § = 2-107°. We initialize N as follows
N =[-§,8™ 1. (76)

2. Computation of Poincaré map. We compute RGN = R o G(N) without
checking the condition (17), i.e. if the trajectory of N belongs to W. If the
computation was terminated successfully then we go to step 3, otherwise
the execution of the algorithm is interrupted and fail is returned.

3. If
N C RGN, (77)

then the execution of the algorithm is interrupted and fail is returned.
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Table 6: The self-consistent bounds from the proof of Theorem 18. m = 14,
M = 3m = 42, initial far tail (for & > M) given by af = —a; = 780.898/k".
Final far tail (for k > M) given by af = —a; = 2.67593¢ + 10/k'2. Columns
form left to right, c-coordinate index, initial bounds for c-th coordinate, final
bounds for ¢-th coordinate (with an isolation for ¢ > m), the ratio of diameters
of final and initial bounds.

c initial end ratio

15 [-0.0159165,0.0159165] [-1.98015e-06,1.97985e-06] | 0.0001244
16 [-0.0122413,0.0122413] [-3.16413e-07,5.00703e-07] | 3.33754e-05
17 [-0.00957066,0.00957066) [-1.80681e-07,1.80742e-07] | 1.88819e-05
18 [-0.00759164,0.00759164] [-4.12298e-08,4.03705e-08] | 5.37436e-06
19 [-0.00609963,0.00609963] [-1.48467¢-08,1.48436e-08] | 2.43379e-06
20 [-0.00495741,0.00495741] [-4.13123e-09,3.34701e-09] | 7.54249e-07
21 [-0.00407088,0.00407088] [-1.21175e-09,1.212¢-09] 2.97694e-07
22 [-0.00337422,0.00337422) [-2.87756e-10,3.57275e-10] | 9.55824e-08
23 [-0.0028206,0.0028206] [-9.93966e-11,9.93814e-11] | 3.52368e-08
24 [-0.00237615,0.00237615] [-3.01295e-11,2.22132¢-11] | 1.10142e-08
25 [-0.00201598,0.00201598] [-8.19686e-12,8.19757e-12] | 4.06612e-09
26 [-0.00172161,0.00172161] [-2.01848¢e-12,2.23854e-12] | 1.23635e-09
27 [-0.00147912,0.00147912] [-6.76212e-13,6.76347e-13] | 4.5722e-10
28 [-0.00127789,0.00127789) [-1.8801e-13,1.65843e-13] | 1.38453e-10
29 [-0.00110977,0.00110977) [-5.57064e-14,5.5693e-14] | 5.01902e-11
30 | [-0.000968438,0.000968438] | [-1.46681e-14,1.36154e-14] | 1.46027e-11
31 [-0.00084892,0.00084892] [-4.42188e-15,4.42286e-15] | 5.20941e-12
32 | [-0.000747297,0.000747297] | [-1.2231e-15,1.23527e-15] | 1.64485e-12
33 | [-0.000660445,0.000660445] | [-6.11705e-16,6.11627e-16] | 9.26143e-13
34 | [-0.000585859,0.000585859] | [-7.91392e-16,7.77735e-16] | 1.33917e-12
35 | [-0.000521518,0.000521518] | [-2.03049¢-15,2.0304e-15] | 3.89334e-12
36 | [-0.000465776,0.000465776] | [-6.03481e-15,6.0351e-15] | 1.29568e-11
37 | [-0.000417291,0.000417291] | [-1.20708e-14,1.20708e-14] | 2.89266e-11
38 | [-0.000374957,0.000374957] | [-4.19424e-14,4.19423e-14] | 1.1186e-10
39 [-0.00033786,0.00033786] [-8.8779e-14,8.8779¢-14] 2.62769¢-10
40 | [-0.000305241,0.000305241] | [-1.94964e-13,1.94964e-13] | 6.38721e-10
41 | ]-0.000276468,0.000276468] | [-3.35639¢e-13,3.35639¢-13] | 1.21403e-09
42 | ]-0.000251007,0.000251007] [-2.9855e-13,2.9855¢e-13] 1.18941e-09
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Table 7: Galerkin errors from the proof of a periodic orbit for v = 0.127.
Computed for m = 14, M = 3m = 42. The tail is given in Table 6.

k E,

1 [-2.69e-11, 2.69036e-11]
2 | [1.57744e-10, 1.5313e-10]
3 | [-9.63186e-10, 9.63049¢-10]
4 | [-2.60273e-09, 2.71426e-09)
5 | [-1.49885e-08, 1.49925¢-08]
6 [-4.793e-08, 4.63349¢-08]
7 | [-1.86867e-07, 1.86826e-07]
8 | [-6.74122e-07, 6.92668e-07]
9 | [-1.75323e-06, 1.75239¢-06]
10 | [-7.48998¢-06, 7.41082¢-06]
11 | [-1.77666e-05, 1.77637e-05]
12 | [-4.47796e-05, 4.37507e-05]
13 | [-7.86937e-05, 7.8697e-05]
14 | [-3.9583e-05, 4.62362¢-05]

If
RGN C N, (78)

then we go to step 4.

If neither (77) nor (78) is satisfied then we set N = RGN N N and jump
back to step 2

4. Final check. We recompute RGN = R o G(N), but this time checking con-
dition (17). If this is a case we either return success or if we want more
tight bounds we jump to step 5 , otherwise fail is returned.

5. Further improvement. We compute several times: N = Ro G(N) and return
success.

End of algorithm
With computer assistance we proved the following

Lemma 19 Letv = 0.127. There exists N C WN#1, N is a product of interval
sets in the section coordinates, such that N C domG and Ro G(N) C int N.

About the proof: The main loop was executed three times. Pentium III, 450
MHZ computer was used. A computation of RG(N) took around 751 seconds.
Table 8 describes the set N, as follows: N = H;’;‘llNi, the interval N; is
given by the i-th row as N; = x + r. For example N; = —3.880465¢ — 07 +
[—1.838038e — 05, 1.838038e — 05].
After two iterates we had already an inclusion RG(N) C N (all ratios of
diameters in the second column in Table 10 are less than 1). Hence the third
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Table 8: The input data from the third iterate of the algorithm from the proof
of Theorem 18. N = = 4 r, where r is an interval vector. Columns from left to
right are coordinate index, ¢, x and r. The section coordinates are used for =
and r. Output data are in Table 9.

c T r
1 | -3.880465¢-07 | [-1.838038e-05,1.838038¢-05]
2 | -2.115301e-09 | [-5.817347¢-07,5.817347¢-07]
3 | 4.895745e-10 | [-2.728741e-08,2.728741e-08]
4 | -2.659308e-10 | [-1.082108e-08,1.082108e-08]
5 | -2.060927e-10 | [-7.368567e-09,7.368567¢-09]
6 | 4.658323e-11 | [-6.102844e-09,6.102844¢-09]
7 | -2.881488e-11 | [-5.661919¢-09,5.661919¢-09]
8 | 9.706697e-12 | [-6.403534€-09,6.403534¢-09]
9 | 4.434868e-10 | [-3.128193e-08,3.128193e-08]
10 | 7.738122e-11 | [-1.738133e-08,1.738133e-08]
11 | -4.550985e-11 | [-2.210128e-08,2.210128¢-08]
12 | -6.382979¢-12 | [-2.505782¢-08,2.505782¢-08]
13 | -5.991690e-12 | [-1.147062¢-08,1.147062¢-08]

iterate was used only to improve estimates (see rations is third column in Ta-
ble 10).

Table 9 contains RG(N). In Table 10 we illustrate how the set N was
changing during the algorithm. Instead of displaying the actual coordinates we
display the ratios between the size of the image and the set N in each direction.

6.4 Conclusion of the proof.

From Lemma 19 and an obvious modification of Theorem 9 it follows that there
exists a solution, u* : [0,7/2] x (—m,7m) — R of (55-56) for v = 0.127 such that
RGp, 0, (u"(0,-)) = R(u™(1/2,")) = u*(0,-). (79)

The domain of definition of u* can be now extended to [0,00) x (—m, ) using
symmetry, R. Observe that the decay rate of the tail of u* (see Table 6) guar-
antees that u*(t,) is at least a C''° function, hence it defines a classical solution
of (55).

7 A Lohner-type algorithm for an integration of
differential inclusions

In this section we present a Lohner-type algorithm for a rigorous integration
of ODEs with a controlled perturbations. This paper relays heavily on [ZLo],
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Table 9: The output data from the third iterate of the algorithm from the proof
of Theorem 18. N = x + r, where r is an interval vector. Columns from left
to right are coordinate index, ¢, RG(z + r) and diam (RG(x + r). The section
coordinates are used for RG(z + r). The input data i.e. z and r are given in

Table 8.

RG(z+7)

diam (RG(x + 1))

0~ O UL WO

— =
o= o ©

—_
w

[-1.283714¢-05,1.167644¢-05]
[-2.800816e-07,2.784039¢-07]
[-2.350128e-08,2.397283e-08]
[-9.619064¢-09,9.372982¢-09]
[-6.762973¢-09,6.567153e-09]
[-5.891352¢-09,5.935270e-09]
[-5.384946€-09,5.358340e-09]
[-6.297353e-09,6.307526e-09]
[-2.359918¢-08,2.494372¢-08]
[-1.584270e-08,1.608458e-08]
[-2.133511e-08,2.120401e-08]
[-2.457033e-08,2.454699¢-08]
[-1.121413e-08,1.120587e-08]

2.451359e-05
5.584855e-07
4.747412e-08
1.899205e-08
1.333013e-08
1.182663e-08
1.074329¢-08
1.260488e-08
4.854291e-08
3.192728e-08
4.253913e-08
4.911733e-08
2.242001e-08

Table 10: Ratios: diam (A.RG(x + r))/diam (A.r) from the proof. Columns
from left to right are coordinate index, ¢, the ratios in first, second and third

iteration, ¢, of the main loop in the algorithm.

c ratios i1 =1 ratios 1 = 2 ratios 1 = 3
1 | 2.759255e+00 | 9.190188e-01 | 6.668413e-01
2 1.847428e-01 | 1.574446e-01 | 4.800173e-01
3 3.566016e-03 | 3.826037e-01 | 8.698905e-01
4 1.376623e-03 | 3.930301e-01 | 8.775484e-01
5 8.089586e-04 | 4.554355e-01 | 9.045263e-01
6 4.380839%-04 | 6.965385e-01 | 9.689436e-01
7 | 4.862820e-04 | 5.821643e-01 | 9.487318e-01
8 4.017088e-04 | 7.970368e-01 | 9.842128e-01
9 3.662924e-03 | 4.270078e-01 | 7.758937e-01
10 | 1.312009e-03 | 6.623943e-01 | 9.184358e-01
11 | 1.361729e-03 | 8.115161e-01 | 9.623678e-01
12 | 1.406283e-03 | 8.909244e-01 | 9.800796e-01
13 | 6.549903e-04 | 8.756328e-01 | 9.772798e-01
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as the proposed algorithm is just a modification running on top of C°-Lohner
algorithm for ODEs described (after [Lo, Lol]) there.
We study the following ODE

a'(t) = fla(t),y(t) (80)

where z € R™ and y(t) € R"? (we allow for ny = 00). Assume that we have
some knowledge about y(¢), for example |y(t)| < € for 0 < ¢ < T. We would like
to find a rigorous enclosure for z(t).

In the context of method self-consistent bounds x in (80) represents a point
in X,,, (m =ny) and y represents tail. We also know that as long as z(t) € W,
then y(t) € V.

7.1 Basic notation

We will use the same conventions as in [ZLo]. In the sequel, by arabic letters
we denote single valued objects like vectors, real numbers, matrices. Quite
often in this paper we will use square brackets, for example [r], to denote sets.
Usually this will be some set constructed in the algorithm. Sets will be also
denoted by single letters, for example S, when it is clear from the context that
it represents a set. In situations when we want to stress (for example in the
detailed description of algorithm) that we have a set in a formula involving both
single-valued objects and sets together we will rather use square bracket, hence
we prefer to write [S] instead of S to represent a set. From this point of view [S]
and S are different symbols in the alphabet used to name variables and formally
speaking there is no relation between the set represented by [S] and the object
represented by S. Quite often in the description of the algorithm we will have
a situation that both variables [S] and S are used simultaneously, then usually
S € [S], but this is always stated explicitly.

For a set [S] by [S]; we denote the interval hull of [S], i.e. the smallest
product of intervals containing [S]. The symbol hull(z1, ..., z)) will denote the
interval hull of intervals z1, ..., z. For any interval set [S] = [S]; by m([S]) we
will denote a center point of [S];. For any interval [a,b] we define a diameter
by diam([a,b]) = b — a. For an interval vector or an interval matrix [S] = [S];
by diam ([S]) we will denote the maximum of diameters of its components. For
an interval [z~ , x+] we set right([z~,27]) = 2+ and left([z~,2T])) = 2.

For a set X C R? by int X we denote an interior of X.

For v,w € R" and A,B € R"*" (n=1,...,00) we say that

v<w iff Vi v < w;,
A<B iff Vij  Aij < Byj.

7.2 A fundamental estimate

For a fixed y. € R" we compare the solutions of two ODEs

¥ = f(z,y.), z(to) =g (81)
! f(mvyc) + (f(x’y(t)) - f(x’yc))’ l‘(to) = Zo (82)
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where y(t) is the part of solution for the problem (80), which is treated as a
known function here.

Let z1(t) be a solution of (81) and x2(t) be a solution of (82). We assume
that a convex set [W,] C R™ is an enclosure for y([to,to + h]).

Let [W;] C [W2] C R™ be convex and compact. We assume that for s €
[to,to + k] xz1(s) € [W1] C R™ and z3(s) € [W2] C R™ for any continuous
function y : [to, to + k] — [W,].

The following lemma is a particular case of Theorem 1 in Section 13 in
[W](see subsection IV ’The Lipschitz condition’), a self-contained proof can be
also found in [ZPLo].

Lemma 20 The following inequality holds for t € [to,to + h] and for i =
]., RN L5]

1.6) — 22400 < / S (33)

K2

where

=
Il

{f(@,ye) = fz,y) |z € W],y € (W]},
sup|[&:]], i=1,...,m

LS sl w) i,
TS Y sup | QL (Wl W, D)| i £

S
v

7.3 One step of the algorithm

Let o(t,z0,y0) denotes a solution of equations (80) with an initial condition
x(0) = zo and y(0) = yo. Let B(¢, 20, yo) be a solution of the system

x' = f(%y), y/ =0 (84)

with the same initial conditions z(0) = zo and y(0) = yo. Observe that for
system (84) y = const.

Let 7, : R™ x R™ be a projection onto R™, i.e. m,(x,y) = x.

We are interested in finding rigorous bounds for m,¢(t, z,y) for = € [x] and
y € [yo]. For this end we propose a modification of the original Lohner algorithm
[Lo, Lol]. Our presentation and notation follows a description of a C%-Lohner
algorithm presented in [ZLo].

In the description below the objects with an index k refer to the current
values and those with an index k + 1 are the values after the next time step.

One step of the Lohner algorithms is a shift along the trajectory of system
(80) with following input and output data:
Input data:

e t;. - a current time,

e h; - a time step,

30



o [z;] C R™, such that 7, (tk, [0, [Yo]) C [xk],
e [yi] - bounds for y(ty).
Output data:
® {11 =tk + hi - a new current time,
o [zi4+1] C R™, such that w0 (tkt1, [To], [Yo]) C [Trt1],
e [yr+1] - bounds for y(tg41)-

We do not specify here a form (a representation) of sets [zy]. They can be
interval sets, balls, doubletons etc. (see [MZ, ZLo]). This issue is very important
in handling the wrapping effect and is discussed in detail in [Lo, Lol] (see also
Section 3 in [ZLo]).

One step of the algorithm consists from the following parts:

1. Generation of a priori bounds for ¢. We find a convex and compact set
[W3] C R™ and a convex set [W,] C R™, such that

([0, he, [enl; [yr]) © [Wa] < [W,]. (85)

2. We fix y. € [W,].

3. Computation of an unperturbed z-projection. We apply one step of the
CP-Lohner algorithm to (84) with a time step hj and an initial condition
given by [zx] X {y.}. Since y = const for B, this is a computation of an
ODE in R™.

As a result we obtain [Tr4+1] C R™ and a convex and compact set [W7] C
R™, such that

[Th+1]
(W]

ﬂ'x@(hkv [zk}z yc) C
7790@([0, hk]? [mk}’ yc) -

4. Computation of perturbation. Using Lemma 20 we find a set [A] C R™,
such that
ToP(thr, [2ol; [yo]) © @ (b, (k] ye) + [A]. (86)

Hence
To@(tit1s [To]s [Yo]) C [Trt1] = [Th1] + [A] (87)

5. Computation of [yr4+1]. This part is not necessary in the bounds for y are
known and fixed in advance.
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7.4 Part 1 - comments
In the context of a dissipative PDE and self-consistent bounds W & V', we set
W, =V, (88)
and we have to satisfy the following
[Ws] C W. (89)

The last condition is a consistency condition required by Basic Differential Inclu-
sion, namely E is computed under this assumption. In the proof of Theorem 18
in the construction of set N (see Section 6.3) in step 2 we ignore (89), but in
the final check (step 4) we need to verify it.

7.5 Part 4 - details

1. We set
0] = [{f(@ye) = fz,y) [z € Wiy € W[}
C; = right(|[5]), i=1,...,m
g, e SL(wal. W) ifi=j,
vight (| 34 (Wal, W, ])[) . if i # j.
In the context of self-consistent bounds [§]; = E;, where F; is the Galerkin

projection error defined by (73).
2. D= foh e h=9)C ds
3. [A)] =[-D;,D;], fori=1,...,m
It remains to explain how we compute fot eAt=5)C ds. First observe that

‘ t—s _ - (At)n
/0 el )Cds—t<z (n+1)!> . C. (90)

n=0

We fix any norm || - ||, preferably the L>-norm, i.e. |[z|e = max;|z;| ( we
should rather choose a norm for which || A is the smallest one and it is easy to
compute ). Let us set

In this notation

2 (At)” =
> e A
=0 ' =0
A
Ap =1d A1 =A,
0 ’ + n+2



For the remainder term we use the following estimate

k
[AN+&l < [|AN] -

B

(el e

The rearrangement is an essential ingredient in Lohner algorithm, designed to
reduce the wrapping effect [Lo, Lol, Mo]. We will not discuss this issue here,
but we will only include necessary formulas (see [ZLo] for more details and
motivation).

Evaluations 2 and 3. In this representation

[zk] = zk + [Bil[Fi]- (92)

Hence if

A
’mH < 1, then

> 4

n>N

< Anll- H

N +2

7.6 Rearrangement

In the context of our algorithm in part 3 we obtain
[Trt1] = Thoar + [Brral[Frsa]- (93)
Now we have to take into account equation (87). We set
ot = m@pe +[A]) (94)
[For1] = [Frra] + [Bota] @rrr + [A] = zp41) - (95)
Evaluation 4. In this representation
[zk] = zk + Ck[ro] + [Br][Fk]- (96)
In the context of our algorithm in part 3 we obtain
[k+1] = Titr + Chya[ro] + [Brta][Frta]- (97)

Equation (87) is taken into account exactly in the same way as in previous
evaluations, i.e. we use equations (94) and (95).

7.7 Computation of the Poincaré map

If as in [ZLo] we assume that the section is given by «(z) = 0 then an algorithm
discussed in Section 5 in [ZLo| applies also in the present context provided that
we have a procedure which gives a rigorous estimates between time step for
a-variable in (80). This procedure is described below.

PROCEDURE:
Input parameters:
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hi - a time step,

o [z] C R™, such that m,¢(tk, [zo], [yo]) C [Tkl

[Zk+1] € R™, such that @ (tk + Ak, [zo], [yo]) C [wr41],

e a convex and compact set [W>] C R™ and a convex set [WW,] C R"2, such
that

@[tk te + B, [zol, [yo]) C [Wa] x [Wy], (98)
ey € [W,],
o [Ty41] C R™, such that m,@(hx, (2], ye) C [Trya],
o [Wy] C R™ compact and convex, such that 7, ([0, kg, [zk], yc) C [Wi].

Output:
We compute [Ej] C R™ such that

T2 (ks + [0, k], [xo], [yo]) C [Ekl,
Algorithm:

o if 0 ¢ f;([Wa],[Wy]);, then i-th coordinate is strictly monotone on [W3] x
[Wy], hence we set

(Ex]i = hull([zg]s, [241]0)

e if 0 € f;([W2], [W,]), then we compute [E}] C R™, such that

ﬂ'ac@([ov hk]’ [xk]v yc) C [Ek‘} (99)

using a procedure for an ODE described in [ZLo]. This procedure requires
as input data: hg, [z, [Tx4+1] and [W1].

We have

T (ts + [0, he, [zo], [yol)i C [Exli = [Exli + [Ali. (100)

A drawback of this approach:
if we have to perform several time steps during which computed enclosure for
the trajectory has a nonempty intersection with the section, then A is added
twice.
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