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1 Introduction

� An important problem: construction of inclusion
functions for multidimensional functions having the
property of higher order convergence.

� Such inclusion functions have applications, in
the solution of equations, quadrature, global
optimization problems, etc.

� In earlier talk, an improved TB form � � � having
the property of higher order convergence was
presented.

� There, we saw that
– As domains shrank to small widths, � � � usually

successfully computed range enclosure with
higher order convergence.

– But TB form � � � of Lin and Rokne failed to
compute range enclosures, due to excessively
high degrees of Bernstein form.
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� In recent investigations, we found the following.
– For large domain widths, � � � has dif� culties in

computing range enclosures, due to excessive
number of Bernstein subdivisions.

� In many application problems, for example, global
optimization problems, we have
– initial domain widths are quite large,

– but solution boxes of small widths are required.

� Going by our new � ndings, neither of existing TB
forms may be okay in such problems, over entire
range of domain widths.

� But, we can have a new inclusion function form that
switches between two existing TB forms, depending
on domain widths.

� That is, new form behaves as � � � for ‘large’ domain
widths, and as � � � for ‘small’ domain widths.

� As the domain shrinks from large to small widths,
the new TB form is more likely to succeed in
computing the range enclosures than existing TB
forms.
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� In this talk, such a ‘combined’ TB form is described

� It is numerically tested for its effectiveness with
those of the existing TB forms, the Taylor model,
and the simple natural inclusion form.

� For the testing, six benchmark examples with
dimensions varying from � to � are considered, and
the higher order convergence property for orders
up to � is examined.
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2 Taylor form (Recap)

� If � � � � � is � � � � � times differentiable on � ,
then Taylor expansion of order � gives

� � � � � � � � � �
��

�� �� �

	 � � � 
 �
� 	

� � � � � �

� � � �
� � � �

�
�

�� �� � � �

� � � � � � �
� 	

� � � � � � � �

� � � �
� � � �


 � � � 
 (1)

� Here, � is any point in � (usually the midpoint),
� � � 
 and

� � � � � � 
 � � � 
 � �� 
 �� � �� � � � ��� � � �


� 	 � � � � 	 � � � � �	
 	 � � � � � ��
� � � � ���� � �� � � �

� � � �
� � � � � � � �

�

� � � � � is polynomial part and � � � � is remainder part
of the Taylor expansion.

� Taylor form � � � � �� � of order � is
� � � � �� � � � � �� 
� � � � � � � � �

� Taylor form has convergence order � � � � �
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3 Taylor-Bernstein form of Lin - Rokne (Recap)

� Instead of � nding the range 
� � � � 
 Lin and Rokne
used Bernstein form for � of degree � 	

	 � � � � 
 � � � 
 � �� 
 � � 

�

� � � � � � � 
 � � � 
 � � � 
 �

� 	 � � � 	
� 
 � � � 
 � 	

�� 
 � 	
� �� � � 
 � � � 
 � � � 
 � � � 
 � � � 
 �

� They compute a non-sharp enclosure � � of the
range 
� � � � - as the � �� to � � 
 over all Bernstein
coef� cients.

� � � � constructed as
� � � � � � � � � � � � � �

retains the � � � � � th convergence order property.

� We call the form � � � as the TB form of Lin and
Rokne.

� As the domain width � � � � becomes smaller,
required degree � 	 of Bernstein form becomes
large, and quite quickly.

� So, as domain intervals shrink in widths, � � �
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becomes very computationally intensive

4 Improved Taylor-Bernstein form (Recap)

� In earlier talk, we saw an improved TB form � � � that
circumvents the need for high degrees � 	 � � � of
the Bernstein form as for � � � .

� The improved TB form � � � also has the � � � � � th
convergence order property.

� The step to compute the range 
� � � � is based on
– Bernstein form of minimum required degree � ,

– Subdivision

– Vertex condition checks.

� The overall method to construct � � � is as follows :

1. Expand the given function � in the Taylor form of
order � �

2. Transform the given domain � to the unit box � ,
and compute the Bernstein form of degree � .

3. Successively subdivide � and recompute the
Bernstein coef� cients on each new subdivision, till
the vertex property is satis� ed on every subdivision.

4. Compute range 
� � � � as minimum to maximum
over all Bernstein coef� cients.
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5. Construct an enclosure for the range of � on � as
� � � � 
� � � � � � � � �
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5 A new “Combined” TB form

� Typically,
– � � � requires excessive subdivisions for ‘large’

� � � � ,

– whereas � � � requires excessively high degrees
of Bernstein form for ‘small’ � � � � .

� We present a new inclusion form that switches
between these two forms depending on domain
widths.

� It behaves as � � � for ‘large’ domain widths, and as
� � � for ‘small’ domain widths.

� For ‘large’ � � � � , we have 	 � � � 
 so � 	 � � .
So use � � � based on Bernstein form of degree �
– rather than use � � � that requires successive

subdivisions till the vertex property is attained on
every subdivision.

� For ‘small’ � � � � , we have 	 � � � 
 so � 	 � � � .
So, use � � � based on Bernstein form of degree � ,
– rather than � � � that requires Bernstein form of

high to very high degree.

� Thus, if � 
 	 we use � � � , otherwise we use � � � �

� The resulting form is called the combined TB form
� � � � .
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� � � � � also has the � � � � � th convergence order
property.
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6 Algorithm for � � �

�� � � � � � � 
 
� � � � 
 � � 
 � � � � 
 � � � � CTB� � 
 � 
 � �
� Note: depending on whether � � � resp. � � � is

used, the quantity 
� � � � resp. � � is set to the empty
interval.

1. Expand the given function � in the Taylor form
of order � . Use the automated Taylor model
technique of Berz et al. for this step.

2. Compute the �� tuple of indices 	 given by
	 � � � � 
 � � � 
 � �� 
 where � � 
 � � � 
 � � 
 �� � � � � � �� � �

If � 
 	 then go to the following step, else go to
step 7.

3. Set � ag � � � � and 
� � � � to the empty interval.

4. Transform the given domain � to the unit box � .
Compute Bernstein form of degree � . Compute an
enclosure � � of range 
� � � � as the � �� to � � 
 over
all Bernstein coef� cients.

5. Construct an enclosure for 
� � � � as
� � � � � � � � � � � � � � �

6. Go to step 11 .

7. Set � ag � � � � and � � to empty interval.

8. Transform given domain � to the unit box � , and
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compute Bernstein form of degree � .

9. Successively subdivide � and recompute Bern-
stein coef� cients on each new subdivision, till
vertex property is satis� ed on every subdivision.

10.Compute range 
� � � � as minimum to maximum
over all Bernstein coef� cients, and construct an
enclosure for the range of � on � as

� � � � � 
� � � � � � � � �

11.RETURN � � � � � � � 
 
� � � � 
 � � 
 � � � � 
 � � and
EXIT.
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7 Numerical tests

� The performance of the combined TB form is
numerically tested on the same six benchmark
examples chosen in ear�ier talk.

� However, the centers of the domains are now
different in some examples, while the domains are
varied from fairly large to small widths.

� A PC/Pentium III � � � MHz � � � MB RAM machine
with a FORTRAN � � compiler, and version � �� of the
COSY-INFINITY package of Berz et al. are used for
the testing.

� In each test example, the following are computed:
– � �  � � � - using Taylor model of Berz et al.

– � � � � � � - using TB form of Lin and Rokne.

– � � � � � � - using the improved TB form

– � � � � � � � - using the combined TB form

– � � � � ! � � � � - using inner estimates of the range
computed with Moore-Skelboe optimization
algorithm.
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8 List of Examples

Example1 Gritton’s function in Chemical Engg. � � � � ��
� � � � � � �� � 
 � �

�

Example2 JennrichandSampson. � � � � �
�
� � � � � � �� � 
 � �

� �

Example3 Levy. � � � � �
�
� �� � � � � �� � 
 � �

� �

Example4 Trigonometric. � � � � �
�
� �� � � � � � �� � 
 � �

� �

Example5 Griewank. � � � � �
�
� �� � � � � �� � 
 � �

� 	

Example6 Trigonometric. � � � � �
�
� �� � � � � � �� � 
 � �

� 


� Information in numerical testing:
� maximum amount of overestimation

 ratio of reduction in overestimation

 � theoretical value of 

" computational time
 � � maximum list length
#	 number of subdivisions
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� The quantities  � � and #	 are applicable only
to the � � � and � � � � forms, where Bernstein
subdivision is involved.

� A few sample tables are instead given in this paper,
see Tables 1 and 2 .

� The data for � � � , � �  are not given in the table
because � � � fails to produce results of this accu-
racy due to excessive memory demands, whereas
� �  requires the domain width parameter � � � � ,
exceeding the scope of the present investigations.

� In all Tables, the results are suitably rounded for
display purposes.
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Table 1: Overestimations and their reduction
ratios for Taylor order � � � obtained with � �  , � � � ,
� � � and � � � � in Example 1 Gritton (1-dimensional).

� � � � 
 � 	 � � � � � � � �
�

�
� ���

	
� � � � � � � � � � � � � � � � � � � � � � � � � � � 	

� �� � $ � � � � $ � � � 
 $ � � � 	 $ � � 
 � $ � � � � $ � � � 	 $ � �
� �� � $ � � � � $ � � � 
 $ � � � 	 $ � � 
 � $ � � � � $ � � � 	 $ � �
� �� � $ � � � � $ � � � 
 $ � � � 	 $ � � 
 � $ � � � � $ � � � 	 $ � �

� ��� � $ � � � � $ � � � 
 $ � � � 	 $ � � 
 � $ � � � � $ � � � 	 $ � �

 � � � � � � � � � � � � � �


 �� � � $ � 	 � $ � 	 � $ � 	 � $ � � 
 $ � � 	 $ � �

 �� � � $ � 	 � $ � 	 � $ � 	 � $ � � 
 $ � � 	 $ � �

 �� � � $ � 	 � $ � 	 � $ � 	 � $ � � 
 $ � � 	 $ � �


 ��� � � $ � 	 � $ � 	 � $ � 	 � $ � � 
 $ � � 	 $ � �
"�� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �
"�� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �
"�� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �
"��� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �

 � � �� � � � � � � �
 � � �� � � � � � � �
 � � �� 	 	 	 	 	 	 �
 � � ��� � � � � � � �

# 	 �� � � � � � � �
# 	 �� � � � � � � �
#	 �� � � � � � � � 	 � � � � � �

# 	 ��� � � � � � � �
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Table 1 (Contd.)
� � � � � � 	 
 �

�
�
� ���

	
� � � � 
 � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 
 $ � 	 
 $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �
� �� � $ � 	 � $ � � � � � � � �
� �� � $ � 	 � $ � � 
 $ � � � $ � � 	 $ � � � $ � � 	 $ � � � $ � 	

� ��� � $ � 	 � $ � � 
 $ � � � $ � � 	 $ � � � $ � � 	 $ � � � $ � 	

 � � � � � � � � � � � � � � � � �


 �� 	 � �� � � �
 	 �� � �� � �� � �� � �� � ��

 �� � � �� � 
 �� � � � � � �

 �� � � �� � 
 �� � 	 �� � � �� � � �� � � �� � � �� � � ��


 ��� � � �� � 
 �� � 	 �� � � �� � � �� � � �� � � �� � � ��
"�� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �
"�� � $ � � � $ � � � � � � � �
"�� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �
"��� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �

 � � �� � � � � � � � �
 � � �� � � � � � � � �
 � � �� � � � � � � � �
 � � ��� � � � � � � � �

# 	 �� � � � � � � � �
# 	 �� � � � � � � � �
#	 �� � � � � � � � � �

# 	 ��� � � � � � � � �



18

Table 2: Overestimations and their reduction
ratios for Taylor order � � � obtained with � �  ,
� � � , � � � and � � � � in Example 6 Trignometric 6 -
dimensional.

� � � � 
 � 	 � � � � � � � �
�

�
� ���

	
� � � � � � � � � � � � � � � � � � � � � � � � � � � 	

� �� 
 $ � � � 
 $ � � 
 
 $ � � � 
 $ � � � � $ � 
 � $ � 	 � $ � �
� �� 
 $ � � � 
 $ � � 
 
 $ � � � 
 $ � � � � $ � 
 � $ � 	 	 $ � �
� �� � � � � � � �

� ��� 
 $ � � � 
 $ � � 
 
 $ � � � 
 $ � � � � $ � 
 � $ � 	 	 $ � �

 � � � � � � � � � � � � � �


 �� � � $ � � � 
 � �� 
 � � �� 
 	 � �� � 	 � �� � � ��

 �� � � $ � � � 
 � �� 
 � � �� 
 
 � �� � � � �� 
 
 �	

 �� � � � � � � �


 ��� � � $ � � � 
 � �� 
 � � �� 
 
 � �� � � � �� 
 
 �	
"�� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �
"�� 
 �� 
 �� 
 �� 
 �� 
 �� 
 �� 
 ��
"�� � � � � � � �
"��� 
 �� 
 �� 
 �� 
 �� 
 �� 
 �� 
 ��

 � � �� � � � � � � �
 � � �� � � � � � � �
 � � �� � � � � � � �
 � � ��� � � � � � � �

# 	 �� � � � � � � �
# 	 �� � � � � � � �
#	 �� � � � � � � �

# 	 ��� � � � � � � �
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Table 2 (Contd.)
� � � � � � 	 
 �

�
�
� ���

	
� � � � 
 � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� � $ � � � $ � � 
 $ � � � $ � � � $ � � � $ � � � $ � � 	 $ � �
� �� � $ � � � $ � � � � � � � �
� �� � $ � � � $ � � � $ � � � $ � � 	 $ � 
 � $ � � � $ � � � $ � � �

� ��� � $ � � � $ � � � $ � � � $ � � 	 $ � 
 � $ � � � $ � � � $ � � �

 � � � � � � � � � � � � � � � � �


 �� � �� 	 �� � �	 � �� � �� � �� � �� � ��

 �� � � 
 �� 
 � �� � � � � � �

 �� � 
 � �� 	 
 �� 	 � �
 � 
 �� � � �� � � �� � 
 �	


 ��� � � 
 �� 
 � �� 	 
 �� 	 � �
 � 
 �� � � �� � � �� � 
 �	
"�� � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � � � $ � �
"�� 
 �� 
 �� � � � � � �
"�� � �� � �� � �� � �� � �� � �� � �� � ��
"��� 
 �� 
 �� � �� � �� � �� � �� � �� � ��

 � � �� � � � � � � � �
 � � �� � � � � � � � �
 � � �� � � � � � � � �
 � � ��� � � � � � � � �

# 	 �� � � � � � � � �
# 	 �� � � � � � � � �
#	 �� � � � � � � � �

# 	 ��� � � � � � � � �



20

Table 3: Domain width parameter � and time taken
by Algorithms TB and CTB to reach an accuracy of
� $ � � � for various Taylor orders in Examples 1 to 6.

� �� � ���
Example Name Order, � � time � time

1 Gritton � � � � � � �
� � � � � � �

 � � �� 	 � � �� 	

 	 � �� � 	 � �� �

2 Jennrich & Sampson � � � � � � �
� � � �� � � � �� �

 	 � �� � 	 � �� �

 � � �
 	 � � �� �

3 Levy � � � � � � �
� � � �� � � � �� 	

 	 � �� 	 	 � �� �

 � � �� � � � �� 	

4 Trigonometric � � � � � � �
� � � 	 � � � �� �

 	 � � � � 	 � ��

 � � �
 � hr � � 	 �


5 Griewank � � � � � � �
� 
 � 
 � ��

 � � � � � �	

 � � � � � �

6 Trigonometric � � � � � � �
� � � � � 


 	 � 	 � 
 � �

 � � � � 
 �	 hr
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9 Observations

From the results given in the Tables, we observe that
� With Taylor model, only quadratic convergence is

obtained in all problems, irrespective of the chosen
Taylor order � .

� For large domains, � � � requires comparatively
large times and memory than � � � , and fails to
compute the range enclosure for higher dimensional
problems� � � � does not fail for any problem
dimension.

� For small domains, the situation is the reverse: � � �

fails for any problem dimension, while � � � does not
fail for any problem dimension.

� In view of the above, the practical utility of � � � is
severely restricted as an inclusion form for obtaining
higher order convergence.

� Further, � � � is not satisfactory for large domain
widths.

� Hence, neither of the existing TB forms is really
satisfactory in applications where the domain is
made to shrink from large to small widths using
techniques such as subdivision.
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10 Observations (Contd.)

� The proposed form � � � � does not fail to compute
the range enclosure for any domain width and for
any problem dimension !

� With � � � � as an inclusion function form, higher
order convergence of orders up to � is quite easily
obtained in problems of up to � � � �� .

� In problems of � and � � � �� , higher order conver-
gence of orders up to � is again obtained�

� But, computational demands are somewhat large
for the � � � �� problem, and become excessive for
the � � � �� one.

� This behavior is identical to that for � � � - it is
expected to be so, because � � � � reduces to � � �

for small domains.

� With � � � 
 the maximum list length for large do-
mains increases with the problem dimension, and
becomes excessive for the � � � �� example. As the
domain width decreases, the maximum list length
with � � � decreases and tends to zero.

� On the other hand, the maximum list length with
the proposed form � � � � is nil, for any domain width
and for any problem dimension !
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� The computation time taken for � � � � is smaller
than that for � � � by as much as � � 
 � � � times for
large domain widths, by as much as � � times for
intermediate domain widths, and is the same as for
� � � for small domain widths.

� The overestimation given by � � � � is usually about
the same as that given by � � � - of course, in those
cases where � � � succeeds at all in computing
the range enclosures. A similar remark holds with
respect to the overestimation given by � � � .

� The best performance in terms of both the compu-
tational time and domain width parameter � is given
by the proposed form � � � � 
 for Taylor order � � � �
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11 Conclusions

� In all examples considered, the new combined TB
form indeed numerically exhibited the higher order
convergence property.

� The overestimation given by the proposed TB
form was usually about the same as that given
by existing TB forms - in all those cases where
the latter forms succeed in computing the range
enclosures.

� Whereas the existing TB forms failed to compute
the range enclosures for some domain widths,
the proposed TB form did not fail to compute the
same for any domain width and for any problem
dimension.

� The maximum list length needed by the proposed
TB form was nil, for any domain width and for any
problem dimension.

� For large to intermediate domain widths, the
proposed TB form was signi� cantly faster than � � � ,
by as much as � � � orders of magnitude.


